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Abstract. In this work, we consider combinatorial multi-agent op-
timization problems, i.e., problems presenting a combinatorial set of
solutions, and each solution is evaluated through a vector. An ele-
ment of the vector corresponds to the utility that an individual agent
receives from the solution. Given potential conflicts, it is improbable
that a single feasible solution will be optimal for all agents. Conse-
quently, a relevant objective is to identify solutions that are fair to all
agents. There are several approaches to defining fairness in the con-
text of optimization problems, and here we focus on Lorenz-optimal
solutions. However, in some cases, in addition to the search for a fair
solution, an economic criterion comes into play, i.e., we also seek
to find a least-cost solution. Since the optimal solution for the cost
function is not necessarily fair (i.e., Lorenz-optimal in our case), our
aim is to generate a Lorenz-optimal solution with minimum cost. We
propose a new exact method to solve this problem, and apply it to
the multi-agent assignment problem and to the multi-agent knapsack
problem. Results show that the new method is much more efficient
than a method based on a complete enumeration of Lorenz-optimal
solutions.

1 Introduction

This work explores scenarios in which decisions must be made with
the involvement of multiple agents, each possessing its own utility
function across a range of potential choices. These scenarios are
common in practical situations. Consider for instance multi-agent
scheduling problems where each agent needs to perform a set of jobs
on shared machines, each job demanding specified processing times.
Each agent gives a utility value for each job done on time. A globally
optimal solution, such as one that maximizes the total utility, may
not necessarily be the best solution because it can result in unfair
outcomes. Any solution should emerge from a decision-making pro-
cess that includes all agents. The question then arises: how can we
define and identify a good compromise solution?

One way of approaching this question is to integrate a criterion of
equity into the proposed solutions. Recently, a large body of research
has focused on defining what constitutes fair outcomes. This has been
particularly studied in the context of resource allocation problems,
where a decision-maker is tasked with distributing goods (divisible
or indivisible) among several agents, to satisfy an appropriate equity
criterion. Many fairness criteria have been studied in the literature
(egalitarian criterion [7], Nash product [10], ordered weighted aver-
age [20], proportionality [30], envy-freeness [34], etc.), see the recent
survey of Amanatidis et al. [2]. However, to our knowledge, incorpo-
rating an economic criterion has not been explored in the search for
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equitable solutions. Studies do exist on the search for trade-offs be-
tween fairness and efficiency of a solution, see e.g., Bertsimas et al.
[6], but the problem considered here is different: a solution is evalu-
ated by an auxiliary (linear) cost function, independent of the utility
function. Our aim is to generate a minimum-cost solution. However,
this solution is rarely fair. Let’s consider, for example, the classic
problem of assigning objects to agents, where each agent has pref-
erences over the objects (modeled by utility functions). In general,
the objective is to find a fair solution, i.e., one that satisfies all the
agents. However, allocating an object to an agent may have a certain
cost (e.g., the cost of transporting an object to an agent). In this case,
a fair solution will not necessarily be of minimal cost, and the opti-
mal solution for the cost function is not necessarily fair. The goal is
thus to find a solution that achieves a good compromise between fair-
ness and cost. We deal with this problem as follows: given that there
are some degrees of freedom in the definition of fairness, we will
use a dominance relation that integrate fairness: the Lorenz domi-
nance. Then the problem comes down to finding a minimum-cost
Lorenz-optimal solution. It has been widely studied in the context of
Pareto dominance, i.e., the search for a solution that optimizes a lin-
ear function (the cost function) under the constraint that the solution
is Pareto-optimal [1, 16, 32]. But to our knowledge, this problem has
never been studied for Lorenz dominance.

The paper is organized as follows. In the next section, we present
the Lorenz dominance in the context of multi-agent combinatorial
optimization problems. In Section 3, we introduce the main prob-
lem studied in this paper: optimizing a cost function over the set of
Lorenz-optimal solutions. In Section 4, we present the first contribu-
tion of this paper: a new general method for generating all Lorenz-
optimal solutions of multi-agent optimization problems. In Section
5, the second contribution of this paper is developed, and consists
in a new method specifically dedicated to the problem of finding the
minimum-cost Lorenz-optimal solution. In Section 6, we report re-
sults for two multi-agent combinatorial optimization problems: the
assignment and the knapsack problems.

2 Fairness and Lorenz Dominance

We define a combinatorial multi-agent optimization problem as fol-
lows. Given X a feasible set, defined by a set of linear constraints
on n decision variables, a solution x ∈ X is evaluated through dif-
ferent linear utility functions, that associate to a solution x a vector
y(x) = (f1(x), f2(x), . . . , fp(x)) ∈ N

p, where fi(x) corresponds
to the utility that agent i has for solution x (a number p of agents is
considered). We aim to maximize the utility functions:
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maximize
x∈X

(
f1(x), . . . , fp(x)

)

As in general there does not exist a solution optimal for all util-
ity functions, we need a dominance relation to compare solutions.
However, using the Pareto dominance to discriminate between the
solutions proves insufficient, since a Pareto-optimal solution might
not be fair to all agents (an agent might be completely disadvantaged
compared to the others), as shown in the following example.

Example 1. The following table displays the utilities (score between
1 and 9) given by four agents (a1, a2, a3 and a4) to four items (i1,
i2, i3, i4). We look for the best assignment possible of the items to
the agents (an agent can receive only one item, and an item can be
assigned to only one agent).

i1 i2 i3 i4
a1 4 8 2 1
a2 8 6 5 2
a3 9 4 4 7
a4 3 6 1 1

There are 24 assignments possible (4!). Let’s consider that a feasible
assignment is evaluated through a four-component vector u, where
each component ui corresponds to the utility of the item assigned
to the agent ai. Let’s note a feasible assignment as a 4-tuple, where
the value of the element at position i represents the index of the item
assigned to agent ai.
Among all the feasible assignments, there are 8 Pareto-optimal as-
signments, given in the following table.

Solution Evaluation (y(x))
x1 = (1, 3, 4, 2) (4, 5, 7, 6)
x2 = (2, 1, 4, 3) (8, 8, 7, 1)
x3 = (2, 3, 1, 4) (8, 5, 9, 1)
x4 = (2, 3, 4, 1) (8, 5, 7, 3)
x5 = (3, 1, 4, 2) (2, 8, 7, 6)
x6 = (3, 2, 1, 4) (2, 6, 9, 1)
x7 = (3, 4, 1, 2) (2, 2, 9, 6)
x8 = (4, 3, 1, 2) (1, 5, 9, 6)

However, among these solutions there are many solutions that are
not fair: solution x8 gives the worst item possible for agent a1, same
for solution x7 for agent a2, and same for solutions x2, x3 and x6

for agent a4. We can therefore see that it would be necessary to use
a more restrictive relation that incorporate fairness.

Ensuring fairness between several agents reveals to be a tricky
question. The notion of fairness has been widely investigated in eco-
nomics and social choice and has lead to different definitions. In eco-
nomics, some measures of inequality of outcome distributions have
been proposed, as the Gini index [12] or the Atkinson index [3]. In
welfare economics, one refers to social welfare functions to evaluate
the relative goodness of the alternatives with respect to the individual
utilities [27].

The classic utilitarian criterion consists in evaluating a solution
according to the sum of the utilities of the agents. However, it is
insensitive to the distribution of the total sum of the individual’s util-
ities [28] and can provide unfair solutions since it allows compen-
sations between strongly satisfied agents and poorly satisfied ones.
For example, a solution whose utility vector equals (200, 1) will be
considered better than a solution whose utility vector is (100, 100).
The classic egalitarian criterion (or its lexicographical refinement)
overcomes this drawback by evaluating a solution with respect to

the utility of its least satisfied agent (which is equivalent to the max
min criterion). However, by focusing only on the utility of one agent
(the least satisfied), high quality solutions can be eliminated by this
aggregation function. For example, a solution with a utility vector
(100, 100, 100, 100) will be considered better than a solution with
a utility vector (99, 200, 200, 200), while this last solution is much
better for three of the agents and just a little worse for the first agent.
Some other aggregation functions, such as the Ordered Weighting
Average (OWA) [35], enable to favor solutions for which the utili-
ties of the agents are well-balanced, but they require an additional
preferential information (appropriate weights).

In this work, we use the Lorenz dominance to compare solutions.
Lorenz dominance is an elegant refinement of Pareto dominance to
incorporate fairness. It has been proposed in economics to measure
the inequalities in income distributions. It refines the Pareto dom-
inance by selecting only the better distributed solutions. Roughly
speaking, the Lorenz dominance enables to select all Pareto-optimal
solutions that realize well-balanced compromises between the utili-
ties of the agents, while not eliminating high-performance solutions.
It encompasses the utilitarian and the egalitarian criterion and has
been used to characterize equitable solutions in multi-objective op-
timization [17, 18] and robust solutions in decision under uncer-
tainty [25]. It has also been studied within the framework of convex-
cone theory [36], in multi-objective programming [4], and in meta-
heuristics [11, 21].

The Lorenz dominance relies on the construction of particular vec-
tors, called generalized Lorenz vectors, obtained as follows.

Definition 1. The generalized Lorenz vector (or simply Lorenz
vector) of y ∈ R

p is the vector L(y) ∈ R
p defined by:

L(y) = (y(1), y(1) + y(2), . . . , y(1) + y(2) + . . . + y(p)), where
(y(1), y(2), . . . , y(p)) represents the components of y sorted from the
worst to the best (i.e., y(1) ≥ y(2) ≥ . . . ≥ y(p) in the case of mini-
mization, and y(1) ≤ y(2) ≤ . . . ≤ y(p) in the case of maximization).

Definition 2. Pareto dominance relation: we say that a point u =
(u1, . . . , up) ∈ R

p Pareto dominates a point v = (v1, . . . , vp) ∈ R
p

if, and only if, uk ≥ vk, ∀ k ∈ {1, . . . , p}∧∃ k ∈ {1, . . . , p} : uk >
vk. We denote this relation by u �P v.

Definition 3. Lorenz dominance relation: we say that a point u =
(u1, . . . , up) ∈ R

p Lorenz dominates a point v = (v1, . . . , vp) ∈
R

p, if, and only if L(u) �P L(v). We denote this relation by u �L v.

Definition 4. Lorenz-optimal solution: a feasible solution x∗ ∈ X
is called Lorenz-optimal if there is no other feasible solution x ∈ X
such that y(x) �L y(x∗).

The Lorenz-optimal set denoted by XL contains all Lorenz-
optimal solutions.

Example 2. In the following table, we indicate the Lorenz vector
associated to each Pareto-optimal solution of the multi-agent assign-
ment problem of Example 1. If we compare the Lorenz vectors with
the Pareto dominance relation, we can easily check that only three
are Pareto non-dominated (represented in bold). Therefore, only the
corresponding solutions (x1, x2 and x4) are Lorenz-optimal solu-
tions. We see that the solution x2 is the best for the sum of the utilities
(the sum is given by the last component of the Lorenz vector). Solu-
tion x1 is the best for the max min criterion (given by the first com-
ponent of the Lorenz vector), while solution x4 establishes a good
compromise between these two criteria.
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Solution Evaluation (y(x)) Lorenz vector (L(y(x)))
x1 = (1, 3, 4, 2) (4, 5, 7, 6) (4,9,15,22)
x2 = (2, 1, 4, 3) (8, 8, 7, 1) (1,8,16,24)
x3 = (2, 3, 1, 4) (8, 5, 9, 1) (1, 6, 14, 23)
x4 = (2, 3, 4, 1) (8, 5, 7, 3) (3,8,15,23)
x5 = (3, 1, 4, 2) (2, 8, 7, 6) (2, 8, 15, 23)
x6 = (3, 2, 1, 4) (2, 6, 9, 1) (1, 3, 9, 18)
x7 = (3, 4, 1, 2) (2, 2, 9, 6) (2, 4, 10, 19)
x8 = (4, 3, 1, 2) (1, 5, 9, 6) (1, 6, 12, 21)

We see thus through this example the interest of using the Lorenz
dominance, since solutions presenting a good compromise between
the utilitarian criterion and the egalitarian criterion are also gener-
ated.

The Lorenz dominance is closely related to the notion of Pigou-
Dalton transfers. In social choice theory, a Pigou-Dalton transfer is
an income transfer from a richer to a poorer person by an amount less
than or equal to their initial income difference.

Definition 5. Transfer principle [15]: let y ∈ R
p such that yi > yj

for some i, j. Then for all ε such that 0 ≤ ε ≤ yi − yj , we have
that y− ε ei + ε ej �L y where ei (resp. ej) is the vector whose ith

(resp. jth) component equals 1, all others being 0.

This principle means that for some cost-vector y ∈ R
p with

yi > yj , slightly increasing yj and decreasing yi while preserving
the mean of the costs would produce a better distribution of the costs,
and consequently a more balanced solution. For example, the distri-
bution of the vector y = (20, 20) is better than the distribution of the
vector y′ = (10, 30), since it can be obtained from y′ by a transfer
of size 10. This principle enables to compare vectors with the same
mean. Note that using a similar transfer of size greater than 20 would
increase the inequality between utilities distribution. This explains
why the transfers must have a size ε ≤ yi − yj .

The generalized Lorenz extension that we consider here enables
to compare vectors with different means thanks to the Pareto-
monotonicity property [29], which means that if a vector y1 Pareto
dominates another vector y2, then y1 Lorenz dominates y2.

Property 1. Pareto-monotonicity: ∀y1, y2 ∈ R
p, y1 �P y2 ⇒

y1 �L y2.

If we look again at Example 1, we can now explain why,
e.g., x3 is Lorenz dominated by x2. We have that y(x2) =
(8, 8, 7, 1) �P (8, 7, 7, 1). Therefore, y(x2) �L (8, 7, 7, 1)
by the Pareto-monotinicity principle. Furthermore, we have that
(8, 7, 7, 1) �L y(x3) = (8, 5, 9, 1) by the transfer principle (trans-
fer of 2 from the third agent to the second agent). By transitivity, we
have that y(x2) �L y(x3) and x3 is thus Lorenz dominated by x2.

3 Optimization of a Cost Function over the Set of
Lorenz-Optimal Solutions

We present now the main problem studied in this paper. Let’s con-
sider an auxiliary linear cost function ϕ : X → R, which evaluates
a solution x according to an economic criterion. The optimization of
a cost function over the set of Lorenz-optimal solutions amounts to
the following problem:

minimize
x∈XL

ϕ(x)

i.e., we search for a solution of minimal cost among all Lorenz-
optimal solutions.

The difficulty of this problem lies in the fact that the set XL is not
characterized, either explicitly by a set of solutions, or even implic-
itly by a set of constraints. Moreover, optimizing ϕ(x) over the set of
feasible solutions generally yields only a dominated Lorenz solution.

Example 3. Let’s go back to the multi-agent assignment problem of
Example 1. We consider now that assigning an item to an agent has
a cost. All assignment costs are given by the following matrix:

i1 i2 i3 i4
a1 6 5 3 2
a2 5 4 1 5
a3 5 4 3 5
a4 5 6 2 6

For example, assigning the first item to the first agent costs 6 units.
It can be shown that the solution minimizing the total assignment cost
is the solution x9 = (4, 3, 2, 1) with a total cost equal to 12 (this so-
lution can be easily obtained in polynomial time with the Hungarian
method [19]). However, this solution does not satisfy the agents, as
the utility vector is equal to (1, 5, 4, 3) and therefore x9 is Pareto
dominated by other solutions (which implies that x9 is not Lorenz-
optimal). We rather need to look for the best Lorenz-optimal solution
for the cost function. We therefore evaluate all Lorenz-optimal solu-
tions found previously (see Example 2) with the cost function and see
that solution x4 is the best, as shown in the following table.

Solution Evaluation Cost
x1 = (1, 3, 4, 2) y(x1) = (4, 5, 7, 6) ϕ(x1) = 18
x2 = (2, 1, 4, 3) y(x2) = (8, 8, 7, 1) ϕ(x2) = 17
x4 = (2, 3, 4, 1) y(x4) = (8, 5, 7, 3) ϕ(x4) = 16

4 Generating all Lorenz-Optimal Solutions

A first method to solve the problem of optimizing a cost function
over the set of Lorenz-optimal solutions is to enumerate the set XL

containing all Lorenz-optimal solutions and select from XL a solu-
tion minimizing ϕ(x).

The Lorenz-optimal solutions could be generated through a two-
stage procedure that first generates all Pareto-optimal solutions and
second selects only the Lorenz-optimal ones among them (since a
Lorenz-optimal solution is necessarily a Pareto-optimal solution).
However, the problems considered here could present a high num-
ber of agents (e.g., up to 100, see the experiments in Section 6) and
therefore the size of the Pareto-optimal set will be too high to be
enumerated (for such number of agents we almost have that every
feasible solution is Pareto-optimal).

4.1 State-of-the-Art

To our knowledge, only a few works address the problem of Lorenz
optimization for multi-agent problems. We briefly list below the
methods proposed in the literature.
Ranking Method. The ranking method has been proposed by Perny
et al. [25] in a robust optimization setting. This method works sim-
ply by computing the solutions in non-increasing order of their sum
using a k-best algorithm. Indeed, the sum of the objective values
correspond to the last component of the Lorenz vector. Therefore,
a solution maximizing the sum is weakly Lorenz Pareto-optimal. It
is then necessary to define a valid stopping criterion for the k-best
algorithm. The stopping criterion is based on the following proposi-
tion: a vector (y1, . . . , yp) Lorenz dominates any vector (y′1, . . . , y′

p)
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such that
∑p

i=1 y
′
i < p · y(1) where y(1) = min(y1, . . . , yp). Con-

sequently, once the ranking algorithm generates a solution for which
the stopping criterion is satisfied, the method can be stopped as all
Lorenz-optimal solutions have been generated. This method can be
used with any number of utility functions, but it has only been tested
up to p = 5 on the robust shortest path problem.
Dynamic Programming Based Method. One cannot use directly
a dynamic programming procedure to generate all Lorenz-optimal
solutions to a multi-agent combinatorial problem (the Bellman prin-
ciple does not hold for Lorenz dominance [24, 26]). However, since
dynamic programming can be used with Pareto dominance, Perny
and Spanjaard [24] have proposed to adapt a multi-objective dynamic
programming based procedure to Lorenz optimization by adding a
valid dominance rule. The method has been applied to find robust
paths in state space graphs.
Two-Phase Method. Galand and Lust [14] have adapted the classic
two-phase method for Pareto optimization [33] in the case of Lorenz
dominance. The method is effective, has been tested on shortest path
and set covering problems but it only works for p = 2 utility func-
tions, while we will deal with much more number of agents.

4.2 New Method

The new method that we propose for enumerating all Lorenz-optimal
solutions of multi-agent combinatorial optimization problems is
based on the method of Sylva and Crema [31] for generating all
Pareto-optimal solutions of multi-objective combinatorial optimiza-
tion problems. The principle of this method is as follows: at each
stage, a positive combination of all objective functions is optimized,
with the addition of constraints stipulating that the generated solution
must not be Pareto dominated by previously generated solutions (i.e.,
presenting an improvement on at least one of the objectives over all
other previously generated solutions). By iterating this simple pro-
cess, all Pareto-optimal can be generated. However, it does not work
with Lorenz dominance since a solution optimizing a positive com-
bination of all objective functions is not necessarily Lorenz-optimal
(contrary to Pareto dominance).

We rather need to optimize Ordered Weighted Average (OWA)
functions, as Ogryczak [23] shown that any solution optimizing an
OWA function with strictly decreasing and strictly positive weights
is Lorenz-optimal.

The OWA function has been introduced by Yager [35]:

Definition 6. Given a vector y ∈ R
p and a weighting vector w ∈

[0, 1]p, the ordered weighted average (OWA) of y with respect to w

is defined by: fowa(y, w) =

p∑
k=1

wky(k) where y(1) ≤ . . . ≤ y(p).

It can be shown (see e.g., [25]) that optimizing an OWA function
with strictly decreasing and strictly positive weights for a multi-agent
combinatorial optimization problem boils down to optimizing a pos-
itive linear combination of Lorenz vector, i.e., we have:

x ∈ argmax OWA(f(x), w) ⇔ x ∈ argmax
p∑

k=1

λk Lk(f(x))

with wi =

p∑
k=i

λk, ∀i ∈ {1, . . . , p}, and λk > 0, ∀k ∈ {1, . . . , p}.
However, as Lorenz vectors are rank-dependent, it is not possible

to directly use an Integer Linear Program (ILP) solver to obtain op-
timal solutions for OWA functions. It is necessary to linearize this

operator. We have used the linearization proposed by Ogryczak [23].
It is based on the following linear program, allowing to retrieve the
Lorenz vector from any vector y ∈ R

p:

Lk(y) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

min
p∑

i=1

αk
i yi

s.t.
p∑

i=1

αk
i = k

0 ≤ αk
i ≤ 1 i = 1, . . . , p

However, it is more convenient to work with the dual (since we will
need to maximize a linear combination of the Lorenz vectors) given
below:

Lk(y) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

max k × rk −
p∑

i=1

bki

s.t.

rk − bki ≤ yi i = 1, . . . , p

bki ≥ 0 i = 1, . . . , p

We can then obtain a first Lorenz-optimal solution of any
multi-agent combinatorial problems with p utility functions
(f1(x), . . . , fp(x)) and a feasible set X by optimizing a positive lin-
ear combination of Lorenz vector using the following ILP with any
strictly decreasing and strictly positive weights (w1 > w2 > · · · >
wp > 0):

P1

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

max

p∑
k=1

wk(k × rk −
p∑

i=1

bki )

s.t.

rk − bki ≤ fi(x) i, k = 1, . . . , p

bki ≥ 0 i, k = 1, . . . , p

x ∈ X

Then the remaining Lorenz-optimal solutions can be obtained by
solving the same model, with the additional constraint that the new
solution generated should not be Lorenz dominated by any of the
previous solutions:

PL

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

max

p∑
k=1

wk(k × rk −
p∑

i=1

bki )

s.t.

rk − bki ≤ fi(x) i, k = 1, . . . , p

k × rk −
p∑

i=1

bki ≥ (Ls
k + 1)zsk k = 1, . . . , p;

s = 1, . . . , l
p∑

k=1

zsk ≥ 1 s = 1, . . . , l

bki ≥ 0 i, k = 1, . . . , p

zsk ∈ {0, 1} k = 1, . . . , p;

s = 1, . . . , l

x ∈ X

Where l is the number of Lorenz-optimal solutions generated so
far, Ls

k is component k of the Lorenz vector of a Lorenz-optimal
solution xs, and zs is a binary vector of size p, associated to each
solution xs, allowing to impose that the new solution generated is
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better than all previously generated Lorenz-optimal solutions for at
least one component of the Lorenz vector. By solving this ILP, ei-
ther a new Lorenz-optimal solution is generated, or the problem is
infeasible, which means that all Lorenz-optimal solutions have been
generated.

Note that we can have solutions with the same Lorenz vector, but
with different utility vectors. For example, for y1 = (7, 4, 6) and
y2 = (4, 6, 7), we have L(y1) = L(y2) = (4, 10, 17). Once we
have generated a Lorenz-optimal solution, we then need to solve
the following ILP to possibly generate new solutions with the same
Lorenz vector:

Ps

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

max

p∑
k=1

wk(k × rk −
p∑

i=1

bki )

s.t.

rk − bki ≤ fi(x) i, k = 1, . . . , p

k × rk −
p∑

i=1

bki = Lk k = 1, . . . , p

fi(x) ≥ (ysi + 1)zsi i = 1, . . . , p;

s = 1, . . . , l
p∑

i=1

zsi ≥ 1 s = 1, . . . , l

bki ≥ 0 i, k = 1, . . . , p

zsi ∈ {0, 1} i = 1, . . . , p;

s = 1, . . . , l

x ∈ X

Where l is the number of Lorenz-optimal solutions generated so
far, Lk is component k of the Lorenz vector of the previously gen-
erated Lorenz-optimal solution, and zs is a binary vector of size p,
associated to each solution xs, allowing to impose that the new solu-
tion generated is better than all previously generated Lorenz-optimal
solutions for at least one component of the utility vector.

By solving iteratively PL and Ps, we can generate all Lorenz-
optimal solutions (see Algorithm 1).

Example 4. Let’s go back to the multi-agent assignment problem of
Example 3. By applying Algorithm 1, we can generate all Lorenz-
optimal solutions and then select the one of minimal cost. Let’s
take w = (1, 0.99, 0.98, 0.97). Solving P1 gives the first Lorenz-
optimal solution x1 = (2, 1, 4, 3), with y(x1) = (8, 8, 7, 1) and
L(y(x1)) = (1, 8, 16, 24). Ps is unfeasible, showing that there are
no other solutions sharing the same Lorenz vector. Solving PL then
gives x2 = (2, 3, 4, 1), with y(x2) = (8, 5, 7, 3) and L(y(x2)) =
(3, 8, 15, 23). Ps is once again unfeasible. Finally, solving PL gives
the solution x3 = (1, 3, 4, 2), with y(x3) = (4, 5, 7, 6) and
L(y(x3)) = (4, 9, 15, 22). All Lorenz-optimal solutions have been
found, the problem PL is unfeasible and the algorithm stops.

5 Generating a Lorenz-Optimal Solution of
Minimal Cost

The set of Lorenz-optimal solutions can be very large (many multi-
agent combinatorial optimization problems have been proved to be
intractable1, see e.g., [14, 25, 26]) and, in order to find the lowest-
cost Lorenz-optimal solution, it is more interesting to develop meth-
ods that only partially enumerateXL. We have therefore adapted the

1 A problem is intractable if it presents an exponential number of optimal
solutions.

Algorithm 1: Generate the Lorenz-optimal set XL

Data: X , fi(x), i = 1, . . . , p
Result: XL

Solve P 1 to get a first solution x1;
XL ← {x1};
Solve Ps with L(x1) as Lorenz vector;
while Ps is feasible do

xs ← solution returned by Ps;
XL ← XL ∪ {xs};
Solve Ps with L(x1) as Lorenz vector;

end

Solve PL;
while PL is feasible do

xs ← solution returned by PL;
XL ← XL ∪ {xs};
Solve Ps with L(xs) as Lorenz vector;
while Ps is feasible do

xs ← solution returned by Ps;
XL ← XL ∪ {xs};
Solve Ps with L(xs) as Lorenz vector;

end

Solve PL;
end

Return XL

method developed by Jorge [16] in the context of Pareto dominance
to Lorenz dominance. The method that we propose is based on a
Lorenz efficiency test and on the addition of constraints specific to
Lorenz dominance in order to limit the size of the search space.

The method starts by calculating a lower bound on the value of the
minimum-cost Lorenz-optimal. This lower bound vl is obtained by
solving the following relaxed problem Pr , where the cost function
ϕ(x) is optimized over the feasible set X (and not over XL which is
unknown).

Pr

⎧⎪⎨
⎪⎩

min ϕ(x)

s.t.

x ∈ X

The solution of the relaxed problem Pr gives a solution xr ∈ X
with the best possible cost value. But, in general, this solution is
not Lorenz-optimal. In order to test if a solution is Lorenz-optimal,
we have developed a new Lorenz efficiency test, based on the test
of Ecker and Kouada [13] for Pareto dominance. This efficiency test
is performed by the following ILP, called EL:

EL

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

max
p∑

k=1

φk

s.t.

k × rk −
p∑

i=1

bki − φk = Lk k = 1, . . . , p

rk − bki ≤ fi(x) i, k = 1, . . . , p

bki ≥ 0 i, k = 1, . . . , p

φk ≥ 0 k = 1, . . . , p

x ∈ X

where Lk is the component k of the Lorenz vector of the solu-
tion to be tested for Lorenz efficiency. This efficiency test works
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as follows: we try to find a solution x ∈ X dominating a solu-
tion presenting a Lorenz vector L, by looking for positive values
φk, ∀k ∈ {1, . . . , p}, such that each component value of the Lorenz
vector of x is greater than or equal to the component value of the
Lorenz vector of the solution to be tested (with a least one strict pos-
itive inequality). If such solution x exists, the optimal value of EL,

equal to
p∑

k=1

φk, is then strictly positive and the solution x returned

by EL is a new Lorenz-optimal solution. Otherwise, the solution as-
sociated to the Lorenz vector L is Lorenz-optimal.

If xr is not Lorenz-optimal, we try then to generate a solution
minimizing the cost function ϕ(x) and not Lorenz dominated by the
Lorenz-optimal solutions generated previously. This is done with the
following ILP, called Pϕ

L , which is very similar to PL, except that
now we try to minimize the cost function ϕ(x).

Pϕ
L

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

min ϕ(x)

s.t.

rk − bki ≤ fi(x) i, k = 1, . . . , p

k × rk −
p∑

i=1

bki ≥ (Ls
k + 1)zsk k = 1, . . . , p;

s = 1, . . . , l
p∑

k=1

zsk ≥ 1 s = 1, . . . , l

bki ≥ 0 i, k = 1, . . . , p

zsk ∈ {0, 1} k = 1, . . . , p;

s = 1, . . . , l

ϕ(x) < vu

ϕ(x) ≥ vl

x ∈ X

where ϕu and ϕl are bounds applied to the cost function ϕ(x)
to reduce the search space. If the problem Pϕ

L is feasible, it yields
a new solution that is not Lorenz dominated by the Lorenz-optimal
solutions found so far. However, the solution returned by Pϕ

L is not
necessarily Lorenz-optimal (since the solution is only compared to a
subset ofXL). A Lorenz efficiency test is then performed by solving
EL. Also, as stated in Section 4.2, we can have different solutions
with the same Lorenz vector value. Therefore, after each Lorenz-
optimal solution generated, we look if there exists solutions with
the same Lorenz vector, but with a better value for the cost function
ϕ(x), which is done by solving Pϕ

s , given below:

Pϕ
s

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

min ϕ(x)

s.t.

k × rk −
p∑

i=1

bki = Lk k = 1, . . . , p

rk − bki ≤ fi(x) i, k = 1, . . . , p

bki ≥ 0 i, k = 1, . . . , p

x ∈ X

In short, the algorithm, given in details in Algorithm 2, alternates
between the search for a minimum-cost solution, not Lorenz domi-
nated by previously generated solutions, and Lorenz efficiency tests.

Example 5. Let’s go back to the multi-agent as-
signment problem of Example 3. We recall the util-
ity and cost matrices associated to this problem.

U =

⎛
⎜⎜⎝
4 8 2 1
8 6 5 2
9 4 4 7
3 6 1 1

⎞
⎟⎟⎠ C =

⎛
⎜⎜⎝
6 5 3 2
5 4 1 5
5 4 3 5
5 6 2 6

⎞
⎟⎟⎠

The relaxed problem Pr is first solved, giving the solution xr =
(4, 3, 2, 1), with y(xr) = (1, 5, 4, 3), L(y(xr)) = (1, 4, 8, 13)
and ϕ(xr) = 12. We set the lower bound vl to 12. We test the
Lorenz efficiency of this solution with EL. The test returns that
xr is Lorenz dominated by the solution xs′ = (1, 3, 4, 2), with
y(xs′) = (4, 5, 7, 6), L(y(xs′) = (4, 9, 15, 22) and ϕ(xs′) = 18.
No solution with a similar Lorenz vector and a lower cost is found
when Pϕ

s is solved, thus vu = 18, and the best solution found so far
is xs′. Then, the problem Pϕ

L is solved, returning a new solution xt =
(2, 3, 4, 1), with y(xt) = (8, 5, 7, 3), L(y(xt)) = (3, 8, 15, 23), and
ϕ(xt) = 16. The Lorenz efficiency test confirms that this solution is
Lorenz-optimal, the algorithm stops and returns the optimal solution
xt = (2, 3, 4, 1).

Algorithm 2: Generate a Lorenz-optimal solution of min cost
Data: ϕ(x), X , fi(x), i = 1, . . . , p
Result: x∗ = argmin

x∈XL

ϕ(x)

Solve Pr to get the solution xr;
vl ← ϕ(xr) ;
Test the Lorenz efficiency of xr by solving EL;
if xr is Lorenz-optimal then

Return xr

end

xs′ ← solution returned by EL;
Solve Pϕ

s to find if there is a solution better than xs′ for ϕ(x);
xs ← solution returned by Pϕ

s ;
x∗ ← xs, vu ← ϕ(xs);
while vu > vl do

Solve Pϕ
L ;

if Pϕ
L is infeasible then

Return x∗ ;
end

else

xt ← solution returned by Pϕ
L ;

if ϕ(xt) > vl then

vl ← ϕ(xt) ;
end

Test the Lorenz efficiency of xt by solving EL;
if xt is Lorenz-optimal then

Return xt

end

xs′ ← solution returned by EL;
Solve Pϕ

s to find if there is a solution better than xs′

for ϕ(x);
xs ← solution returned by Pϕ

s ;
if ϕ(xs) < vu then

vu ← ϕ(xs) ;
x∗ ← xs;

end

end

end

Return x∗

M.B. Bederina et al. / Generating Fair Solutions of Minimal Cost 4081



6 Numerical Experiments

We have tested the two algorithms on two multi-agent combinato-
rial optimization problems: the Multi-Agent Assignment Problem
(MAAP, same problem as in the different examples) and the Multi-
Agent Knapsack Problem (MAKP). The MAKP is formulated as fol-
lows:

MAKP

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

max fk(x) =
n∑

i=1

uk
i xi k = 1, . . . , p

s.t.
n∑

i=1

wixi ≤ W

xi ∈ {0, 1} i = 1, . . . , n

Where n is the number of items, p is the number of agents, ui =
(u1

i , . . . , u
p
i ) is a utility vector associated to each item i, wi is the

weight of the item i and W is the weight capacity of the knapsack.

The auxiliary cost function is given by ϕ(x) =
n∑

i=1

cixi where ci is

the cost associated to the item i. The goal is to find a Lorenz-optimal
subset of items of minimal cost.

Computational experiments were carried out on an Intel i5-
12500H processor. Integer linear programs were solved using
CPLEX 22.1.1 under C++.

For the MAAP, we varied the number of agents p from 5 to 100,
with different ranges of values for the utility and cost matrices (see
Table 1). For the MAKP, we varied the number of items n from 5
to 100, with a number of agents p varying from 3 to 60, with dif-
ferent ranges of values for the utility matrix and the cost vector (see
Table 2). For each algorithm, we report the computation time (in sec-
onds) and the number of Lorenz-optimal solutions generated (Algo-
rithm 1 generates all of them and then select the solution of minimal
cost while Algorithm 2 generates only a subset of all Lorenz-optimal
solutions before finding the one of minimal cost). Results are aver-
aged over 20 instances.

As expected, the number of Lorenz-optimal solutions generated
with Algorithm 2 is lower than the total number of Lorenz-optimal
solutions generated with Algorithm 1. In addition, the time needed to
calculate the minimum-cost Lorenz-optimal solution is significantly
less with Algorithm 2, especially for larger instances. We also note
that the higher the number of Lorenz-optimal solutions, the greater
the difference in computation time between the two methods. The
’-’ symbol in the tables indicate cases where problems could not be
solved in less than 10 minutes on average. Note that we have also
tested the ranking method proposed by Perny et al. [25] to generate
all Lorenz-optimal solutions of these problems, but the method failed
to solve the considered instances within a reasonable computation
time (under 10 minutes). This is mainly due to the high number of
agents considered in the instances.

7 Conclusion and Perspectives

In this paper, we have studied the addition of an economic function
in multi-agent combinatorial optimization. The goal is to find a fair
solution, considered here as a Lorenz-optimal solution, of minimal
cost. Surprisingly, this problem had not yet been studied. We have
presented two new approaches, based on existing methods developed
for Pareto dominance, for solving this problem. The first approach is
based on a complete enumeration of the Lorenz-optimal solutions,
while the second approach directly seeks to optimize the cost func-
tion in order to limit the enumeration of all Lorenz-optimal solutions.

Algorithm 2 Algorithm 1

Range Number of
agents p

Time
(s)

L-opt. sol.
generated

Time
(s)

Number of
L-opt. sol.

[1,10]

5 0.15 1.1 0.14 1.5
15 0.49 1.3 0.37 3.1
20 0.29 1.0 0.60 3.2
30 0.99 1.0 4.03 13.1
40 3.42 1.0 12.84 12.4
60 43.36 1.0 – –
100 329.62 1.0 – –

[1,20]

5 0.13 1.1 0.13 1.4
15 0.58 1.2 0.55 2.2
20 0.99 1.2 1.51 2.3
30 49.79 1.8 56.89 5.0
40 60.86 1.4 330.89 15.7

[1,40]
5 0.11 1.0 0.18 1.6
15 1.08 1.5 1.13 3.0
20 5.49 1.7 16.87 3.3

[1,60]
5 0.15 1.2 0.16 1.4
15 2.20 2.0 3.90 4.3
20 22.71 2.1 346.87 5.2

[1,100]
5 0.13 1.1 0.14 1.6
15 0.36 1.1 1.64 4.4
20 2.65 1.6 62.50 4.8

Table 1. Results obtained for multi-agent assignment problem.

Algorithm 2 Algorithm 1

Range n Number of
agents p

Time
(s)

L-opt. sol.
generated

Time
(s)

Number of
L-opt. sol.

[1,10]

5
10 0.20 1.3 0.24 2.5
20 0.20 1.2 0.35 2.9
60 1.06 1.3 3.37 3.1

15
10 0.27 2.1 0.59 5.4
20 0.48 2.0 1.33 5.8
60 4.97 2.4 – –

40
5 0.52 4.1 2.91 17.0
10 1.32 4.7 89.14 30.6
20 4.34 5.9 – –

100 3 0.89 5.0 2.33 12.2
5 10.15 10.9 – –

[1,60]

5
20 0.23 3.5 0.29 2.5
60 1.08 1.3 3.62 2.7
100 6.85 1.3 – –

15 20 0.56 2.4 4.14 8.2
40 1.47 2.2 – –

40 10 1.45 4.7 153.84 35.9
20 6.97 6.2 – –

100 3 1.41 7.2 224.89 35.0

Table 2. Results obtained for the multi-agent knapsack problem.

The results on two multi-agents problems (assignment and knapsack)
show the efficiency of the second method compared to the complete
enumeration of Lorenz-optimal solutions. In the future, in order to
be able to solve larger instances, it would be interesting to use spe-
cific search zones to reduce the number of constraints of the inte-
ger linear programs to be solved [8, 22, 32]. Another perspective is
to integrate agents into the decision-making process, and learn their
preferences while solving the problem, as has already been done in
multi-objective combinatorial optimization [5, 9].
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