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1. Introduction

In this paper, we are interested in preventive maintenance [1-4], and more particularly in the selective maintenance problem that con-
sists in finding the best choice of maintenance actions to be performed on a multicomponent system, within a fixed time window. This
limited time does not allow to carry out all maintenance actions. The idea is then to pick out a subset of actions to undertake whose total
execution duration fits in the time window and that yields maximum reliability when the system is restarted after the maintenance period.

This kind of problem can be encountered for equipment that performs sequences of missions and can be repaired only between mis-
sions. This is the case for military equipment, production equipment on which maintenance actions are carried out the weekend, vehicles
maintained between two deliveries, etc. This problem has been introduced by Rice et al. [5], where they consider systems presenting a
particular architecture, constant components failure probabilities and only one type of maintenance actions (to repair a component).

Cassady et al. [6] extended the model of this problem, by considering components failure probabilities dependent on their age and mul-
tiple maintenance actions. They solve this problem for systems of specific configuration by a simple enumeration of all possible solutions.
This enumeration gives the solution for only small size systems.

We thus propose new resolution approaches: a construction heuristic, which makes it possible to find a good solution very quickly, a
tabu search based metaheuristic, which allows to improve the quality of the solution obtained by the construction heuristic (but always
without guarantee of optimality) and an exact method, based on a branch and bound procedure for benchmarking purposes.

This paper is organized in the following way: we initially present the selective maintenance problem taken into account and its mod-
eling. We then describe the new resolution methods developed and the numerical results of these methods on various systems.

2. Selective maintenance problem’s statement

We define in this section the type of system that we propose to study, the various types of maintenance actions considered, and their
effects on the system. We also present the calculation of the reliability of a system in series and/or parallel.

We consider that maintenance actions are carried out on a system, having to accomplish a given mission, and defined by a set of com-
ponents connected to each other in series and/or parallel. An example of such a system is presented in Fig. 1. In this representation, the
blocks correspond to the components. The failure of one of the components 3, 4, 5 or 10 placed in series involves the system failure. Com-
ponents 6, 7, 8 or 9 being placed in parallel, the system fails only if the two parts of the parallel subsystem are not functioning. This arrives
when the failure of one of the components 6 or 7 is in combination with the failure of one of the components 8 or 9.
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Fig. 1. Example of multicomponent system.

The system must perform a sequence of missions with breaks of known length between each mission, when the maintenance actions
can be accomplished. During each mission, components can fail. Consequently, at the end of a mission, the components are either in oper-
ating condition or failed. As Cassady et al. [6], we consider two possible maintenance actions during the break:

o to replace (by new) a failed or a functioning component (the component age after the action is thus assumed to be to 0),
e to minimally repair a failed component, what restarts the component (the component age after the action is thus unchanged).

It should be noted that the system can fail before a programmed maintenance break. In this case, only minimal repairs on the compo-
nents that caused the breakdown of the system will be carried out, so as to put back the system in operating condition. If many breakdowns
of the system occur before the maintenance period, it should be worth revising the periodicity of the maintenance activities and the system
design [7].

Once a maintenance break is started, the problem is to select a subset of actions to be performed at the fixed period of the break in order
to maximize the system reliability while ensuring the respect of the limited duration of the maintenance break. It is the problem of reli-
ability maximization under time constraint.

Given that the cost of the maintenance actions is considered negligible compared to the cost of a stop of the system during a mission, we
do not take into account the costs of the maintenance actions in the modeling of the problem. We thus seek the maintenance actions that
make it possible to maximize the system reliability, without constraint of budget.

We consider that the component failure probability for a given mission is dependent on its age, i.e. the higher the component age is, the
higher its failure probability is. This probability is modeled through a reliability law [8,9], the most used probability law in maintenance is
the Weibull distribution. Thanks to the components failure probabilities, we can determine the functioning probability of the system for a mis-
sion of a given duration, which depends on the functioning probabilities of the components and on the system architecture. Contrary to pre-
ceding modelings of the selective maintenance problem [5,6], we consider in this paper general systems in a series and/or parallel architecture.

We present below the way to compute the functioning probability of a component thanks to its reliability law of the Weibull type, and
the functioning probability of a system according to the functioning probabilities of the components that compose it.

2.1. Functioning probability of a component

The reliability law gives the probability that one component achieves without failure a mission of length t. In the case of the Weibull
distribution, the probability R(t) is given by the following relation:

Y
R(t) = e (),
where g and 5 represent, respectively, the shape and scale parameters of the Weibull distribution. They are real numbers greater than zero.
If the component already carried out a mission of length T and is in a operating condition at the end of this mission, we use conditional reli-
ability to determine the probability that the component successfully achieves a new mission of length t, defined by the following relation:
) f
RT+t) e (7)
R(T,t) _RT+p _e Z/f )
RT) o)

We have represented in Fig. 2 the comparison of the reliability law of a new component with that of a component 30 units of time aged,
always with the Weibull law (8 = 4, = 150). We can notice that the functioning probabilities of the old compound are lower than those of
the new component.

Hence, starting from the component age and the mission duration, it is easy, in the case of a reliability law of the Weibull type, to deter-
mine the probability that the component achieves the mission.

2.2. Functioning probability of a multicomponent system

We can consider a multicomponent system as a set of subsystems entirely in series or parallel. The decomposition of the system shown
in Fig. 1 is given in Fig. 3. We have subsystem 1 in series composed of components 6 and 7 (SS1), subsystem 2 in series composed of com-
ponents 8 and 9 (SS2) and subsystem 3 in parallel composed of subsystems 1 and 2 (SS3). The global multicomponent system (SG) in series
is thus composed of components 3, 4, 5, 10 and subsystem 3. By using this decomposition, it is only necessary to determine the functioning
probabilities of systems entirely in series, or functioning probabilities of systems entirely in parallel.

2.2.1. System in series

In order that a system in series functions after a mission of duration t, it is necessary that all the components i of the system function.
The probability RS(t) that the system functions after a mission of duration ¢t is thus equal to the product of the functioning probabilities of
the n components that compose it:

RS(t) = ﬁRi(t).
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Fig. 3. Example of decomposed multicomponent system.

2.2.2. System in parallel

So that a system in parallel functions after a mission of duration t, it is necessary that at least one component of the system functions. As
the probability that a component i fails is equal to (1 — R;(t)), the probability RP(t) that the system functions after a mission of duration ¢ is
equal to the complement with 1 of the product of the failure probabilities of the n components that compose it:

ng:1ffh1fma»

1
3. Problem modeling

The modeling of the selective maintenance problem has already been approached by Cassady et al. [6]. We again partly take this mod-
eling by extending it to any systems in series and/or parallel.

We indicate by, respectively, tmr;, tr; and trf; the times necessary to carry out a minimal repair on a failed component i, to replace a failed
component i and to replace a functioning component i. We suppose that tmr; < tr; and tif; < tr;, i.e. times to replace a failed component are
higher or equal to times of the other actions.

The system is composed of n components, functioning or failed at the end of mission k, depending on the state of the binary variable Y;(k):
Yilk) = { 1 if the component i is functioning at the end of mission k,

! 0 otherwise.

The minimal repair action on a failed component i at the end of mission k is symbolized by the binary variable W;(k), so that

m@:{

In the same way, the action to replace a component i at the end of mission k is defined by the binary variable V;(k):

1 if minimal repair is performed between missions k and k + 1,
0 otherwise.

Vi) 1 if replacement is performed between missions k and k + 1,
"1 0 otherwise.
After the maintenance actions and before the mission k + 1, the new state of a component is symbolized by the binary variable X;(k + 1),

so that

Xi(k+1) = { 1 if the component i is functioning before the mission k + 1,

0 otherwise.

Total time TMR(k) necessary to minimal repairs is given by
n
TMR(k) =~ tmr; - Wi(k).
i-1
Total time TR(k) devoted to replacements of functioning components is expressed by

mm:imvmym.

i=1
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Total time TR(k) used to replacements of failed components is given by
Ztr, Vitk) - (1 = Yi(k)).

We can thus express the total time T(k) necessary to the realization of the maintenance actions W;(k) and V;(k) at the end of a mission k by
T(k) = TMR(k) + TRF (k) + TR(k).

We also consider that the length of mission k + 1 is equal to L(k + 1), the maintenance time after the mission k is equal to Ty (k), B;(k) and
Ai(k + 1) are, respectively, the ages of the components after the mission k and before the mission k + 1. Each component i follows a reli-
ability law of Weibull type of shape parameter $; and scale parameter #;. The system reliability Rs(k + 1) before the mission k + 1 is given
by the function F (dependent on the system architecture), which receives in argument the vector resulting from the product between the
vector R containing reliabilities of the components and the vector containing the state of the components at the beginning of the mission
k + 1. The probabilities R;(k + 1) are given for each component i by the following relation:

Bi
Wk A k1)
e g
TH
Atk
e \ i

The model obtained for the selective maintenance problem, which consists in determining which components to replace (decisions rep-
resented by V;(k) variables) and which components to minimally repair (decisions represented by W;(k) variables) at the end of mission k,
is given below. We can notice that we obtain a nonlinear combinatorial optimization problem, which can be considered as a non-separable,
nonlinear knapsack problem [10]

max Rg(k+1)=FR(k+1) -X(k+1))
st T(k) < To(k)
Wi(k) + Vi(k) < 1Vi
Wi(k) + Yi(k) < 1Vi
Wi(k), Vi(k) € {0,1}Vi
with A;(k + 1) = Bi(k) — Bi(k) - Vi(k)Vi
Xi(k+ 1) = Yi(k) + Wik) + Vi(k) - (1 = Yi(k))Vi

The problem presents four sets of constraints: the first indicates that the execution time of the maintenance actions is limited, the sec-
ond ensures that only one of the two maintenance actions can be carried out, the third stipulates that the W; action is performed only if the
component i is failed (Y; = 0) and the fourth represents the (0, 1) constraint. The two last equalities make it possible to determine the com-
ponents age and state after the maintenance break, necessary to the determination of the system reliability.

Ri(k+1) =

Remark. We are only interested by optimizing the reliability at the end of a given mission (single-mission problem). We are not interested
in the problem, which is much more complex that consists in optimizing the maintenance actions so as to optimize reliability on a great
number of missions [11].

4. New resolution methods

Three new methods were developed to solve the selective maintenance problem modeled above a construction heuristic, a heuristic based
on the adaptation of the tabu search and an exact method based on a branch and bound procedure. We present these three methods hereafter.

4.1. Construction heuristic

The goal of the heuristic is to quickly provide a solution of good quality. The general functioning of the heuristic is as follows. Initially, if
the system is failed after mission k, the method generates a starting solution, necessary to the application of the heuristic itself. The starting
solution is obtained by applying minimal repairs on the failed components until the system is able to function, by considering first of all the
most critical components, i.e. those located in less subsystems. We realize then in an iterative way the maintenance action that maximizes
the ratio defined by the reliability of the system after action minus the reliability of the system before action, the whole divided by the time
of the action, until no more maintenance actions are realizable.

So if we consider Rs as the system reliability, S as the current subset of selected maintenance actions, M as a maintenance action V or W
performed on a component i, and T as the duration associated to M, an iteration consists of finding M that maximizes
Rs(Su{M}) — Rs(S)

T(M) '

Once an action is carried out, we actualize the system reliability, which grows at each iteration of the heuristic.

The main algorithm of the construction heuristic is given in Procedure 1, which includes the procedures InitialSolutionGeneration (Pro-
cedure 2), SelectionAction (Procedure 3) and RealizationAction (Procedure 4). In the procedures, the symbols |, and | specify, respec-
tively, the transmission modes IN, OUT and IN OUT of a parameter to a procedure. The symbol --| marks the beginning of a comment line.

The entrance parameters of the main procedure are the number n of components, the duration Ty of the maintenance time after the
mission k (in the following description, the index k is omitted in a simplification purpose), the length L of the mission k + 1, the g and
1 parameters of the Weibull laws of the components, the maintenance durations tmr, tr, trf of the different actions and the states Y and
ages B of the components. The construction heuristic returns the system reliability Rs, the maintenance actions V and W performed and
the states X and ages A of the components before the next mission. All these parameters are considered as global variables.
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In the main procedure, X and Y as well as the total duration T of the maintenance actions carried out are initially initialized. Then, the
components that constitute the system are divided in three sets:

e the set SFU: functioning components with no maintenance actions already performed,
o the set SFA: failed components with no maintenance actions already performed,
e the set SW: set of components having undergone a minimal repair.

After this, the initial reliability of the system R is computed by calculation of the vector R, which contains the reliability of each com-
ponent. If Rs is equal to 0, the procedure InitialSolutionGeneration is executed.

The aim of this procedure is to generate a first solution that allows to obtain a system reliability different from zero. The generation of a
starting solution, if the system is failed, is justified by the fact that in this particular case, nothing says that at least one action will be able to
increase the system reliability. Indeed, if the breakdown of the system is due to more than one component, the choice of the action to be
carried out would be done randomly (which would considerably reduce the performances of the heuristic), given that the maintenance
actions are selected according to the reliability of the system after action minus the reliability of the system before action.

The Classification procedure, not described in this paper, simply classifies the components by decreasing order of criticity. The criticity
depends on the number of systems entirely in series or parallel in which the component is located. For example, for the system shown in
Fig. 3, the criticity of components 3, 4, 5 and 10 is larger than that of the other components. Once that the components are classified, a
minimal repair is carried out on the most critical component of SFA until the reliability of the system becomes different from zero. After
the execution of the minimal repair, the set SW is updated by addition of the component having undergone the minimal repair, and this
component is withdrawn from the set SFA.

Then, the maintenance actions to be carried out are picked out thanks to the procedure SelectionAction (Procedure 3), which deter-
mines the maintenance action that maximizes the ratio defined by the reliability profit generated by the action divided by the time of
the action.

Procedure: 1. Construction heuristic

Parameters |: n, To, L (integers); B, n, tmr, tr, trf,Y, B (vectors)
Parameters 1: Rs (real); W,V, X A (vectors)
XY
A<~ B
--| Initialization of the total duration T of the maintenance actions performed
T—0
--| Initialization of SFU (set of functioning components with no maintenance actions already performed), SFA (set of failed compo-
nents with no maintenance actions already performed) and SW (set of components having undergone a minimal repair)
SFU — {}
SFA « {}
for each component i do
if Y(i) = 1 then
SFU « SFU + {i}
else
SFA «+ SFA + {i}
SW — {}
--| Calculation of the initial reliability Rs of the system
for each componﬁ%nt ido

(LA

n(i)

R(l) € B
A(i)
Rs =F(R )eQ(%)

--| Initial solution generation
if Rs = 0 then
InitialSolutionGeneration (R |, T [,SW [,SFA )
--| Main loop
repeat
RatioMax — —1
--| Determination of the maintenance action of maximal ratio
SelectionAction (T |,R |,SFU |,SFA |,SW |, IndexMax T,
ActionMax 1, RatioMax ,)
if (RatioMax — 1) then
--| Realization of the maintenance action of maximal ratio
RealizationAction (IndexMax |, ActionMax |, RatioMax |, T {,
R 1,SFU 1,SFA 1,SW 1)
until (T = Ty) or (RatioMax = —1)
Rs = F(R-X)

For the components belonging to the set SFU, the ratio is equal to the reliability profit generated by a replacement (action V, the reli-
ability of the component in question thus becomes equal to the reliability of a new component) of one of the components of SFU, divided by
the time of the action V (trf) of the component.
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For the components belonging to the set SFA, given that the components of SFA are failed components, two ratios are computed: the
reliability profit generated by a replacement (action V) divided by the time of the action V(tr) of the component and the reliability profit
generated by a minimal repair (action W) divided by the time of the action W(tmr) of the component.

Procedure: 2. InitialSolutionGeneration

Parameters |: R (vector)
Parameters [: T (integer); SW, SFA (sets)
--| Classification of the components of SFA by decreasing order of criticity
Classification (SFA )
--| Realization of minimal repairs in order of criticity
repeat
if T + tmr(SFA(0)) < T, then
T — T + tmr(SFA(0))
W(SFA(0)) — 1
X(SFA(0)) < 1
SW — SW U {SFA(0)}
SFA « SFA\ {SFA(0)}
Rs = F(R-X)
else
SFA — SFA \ {SFA(0)}
until (Rs#0) or (SFA = {})

In this heuristic method, we consider the possibility to revise choices previously made. It can not be then considered as a greedy meth-
od. Indeed, for the failed components of the set SFA, there are two choices: to carry out an action V or an action W. If the choice goes to an
action W, we always give the opportunity to call into question this decision, and to carry out an action V in the place of the action W. This is
carried out via the set SW, which contains the failed components that have already undergone a minimal repair.

We thus evaluate the ratio given by this possibility in the following way: reliability profit generated by a replacement (action V) of one
of the components of SW divided by the time of the action V(tr) minus the time of the action W(tmr) of the component.

This case generally occurs at the end of the heuristic, when it remains enough time to carry out an action V in the place of an action W,
which can only increase the system reliability.

The procedure SelectionAction returns the ratio of the best action (RatioMax), the index of the component on which the action must be
performed (IndexMax) and the action to be carried out (ActionMax). Then, if the best ratio is different from —1 (the realization of a main-
tenance action remains still possible), the RealizationAction procedure executes the maintenance action identified by the variable
ActionMax on the component identified by the variable IndexMax. According to the maintenance action carried out, the sets SFU, SFA
and SW and the variables V, W X A and R are updated and the total duration T of the maintenance actions performed is increased by
the time of the selected action.

v vV
Lofofrfofrlofolr]ofro]1]

— n—1nn+1 — 2n-—-1

Fig. 4. Solution coding.

Fig. 5. Elementary system E.

Table 1

Characteristics of the components of the elementary system

Component B n (days) tmr (hour) tr (hour) trf (hour) B(k)(days) Y (k)
3 3 120 3 5 1 30 1

4 4 150 2 4 2 60 0

5 2.5 130 1 3 2 28 1

6 4 180 2 6 3 56 0
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Procedure: 3. SelectionAction

Parameters |: T (integer); R (vector); SFU, SFA,SW (sets)
Parameters 1: IndexMax (integer); ActionMax (string)
Parameters [: RatioMax (real)
for each component i € SFU do

if T + trf (SFU(i)) < To then

R <R ~ (L) 20
R(SFU(i)) = e \"7
F(R'-X)—Rsg
trf (SFU(I))
if Ratio > RatioMax then
RatioMax «+ Ratio
IndexMax < SFU(i)
ActionMax «— VSFU
for each component i € SFA do
if T+ tr(SFA(i)) < T then

Ratio «—

R —R L B

R (SFA(i)) =e (W>
2 F(R'-X)—R.

Ratio — t(r(SF/;(i))S

if Ratio > RatioMax then
RatioMax «— Ratio
IndexMax — SFA(i)
ActionMax «— VSFA

if T + tmr(SFA(i)) < To then

X —X
X'(SFA(i)) «— 1 {Minimal repair of the component SFA(i)}
Ratio « FRX)-Rs

tmr(SFA(D))
if Ratio > RatioMax then
RatioMax « Ratio
IndexMax — SFA(i)
ActionMax +— WSFA
for each component i € SW do
if T+ tr(SW(i)) — tmr(SW(i)) < T, then

R —R ~ (#) o

R (SFA(i)) = e / (s

Ratio — m

if Ratio > RatioMax then
RatioMax < Ratio
IndexMax — SW(i)
ActionMax «— VSW

EtE (E+B)*E

*

Fig. 6. Sample system (E+E) E.
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Procedure: 4. RealizationAction

Parameters |: IndexMax (integer); RatioMax (real); ActionMax (string)
Parameters : T (integer); R (vector); SFU, SFA, SW (sets)
if ActionMax = VSFU then
V(IndexMax) «— 1
SFU — SFU \ {IndexMax}
T — T + trf (IndexMax)
A(IndexMax) — O (L)ﬂi
R(IndexMax) = e \"
if ActionMax = VSFA then
V(IndexMax) < 1
SFA — SFA \ {IndexMax}
T — T + tr(IndexMax)
A(IndexMax) < 0
X(IndexMax) — 1 (L)"i
R(IndexMax) = e \"
if ActionMax = WSFA then
W (IndexMax) «— 1
SFA « SFA\ {IndexMax}
SW — SW u {IndexMax}
T — T + tmr(IndexMax)
X(IndexMax) — 1
if ActionMax = VSW then
V(IndexMax) < 1
W (IndexMax) < 0
SW — SW \ {IndexMax}
T «— T + tr(IndexMax) — tmr(IndexMax)
A(IndexMax) — O (L)/‘x‘
R(IndexMax) = e \"

4.2. Exact method

The exact approach is based on a branch and bound (B&B) procedure, which is an arborescent method proceeding by an intelligent enu-
meration of the solutions space. The enumeration is reduced thanks to pruning, which consists to eliminate subsets of solutions by calcu-
lation of bounds on their evaluation functions.

We present below the elements necessary to the development of a B&B procedure [12], i.e.

e the separation rule of the solutions: how to create the subsets of solutions.
o the evaluation function: how to evaluate the subsets of solutions.
o the exploration strategy: how to direct the research in the tree structure.

4.2.1. Separation rule

The separation rule is implicit: a component i is selected and two subsets are created if the component is in a functioning state
(W;=0,V;=0) and (W;=0,V;=1)), and a division in three subsets is realized if the component is failed ((W;=0,V;=0);
(W;=0,V;=1) and (W; =1,V; =0)).

4.2.2. Evaluation function
A subset of solutions is evaluated by relaxation of the time constraint of the selective maintenance problem: a replacement of the com-

B;

L
ponents for which no decision was already undertaken is carried out, i.e. the reliability of these components i is regarded as equal to e <”")
with X; = 1. The reliabilities of the components of the subset of solutions depend on the maintenance actions already taken. In this way, the
obtaining of an upper limit for the evaluation of a subset of solutions is guaranteed.

4.2.3. Exploration strategy
Two different strategies of exploration were considered, which lead to two alternatives of the B&B [12]:

e Depth search, where the last node created is separated in priority. This method, called Depth-First Branch and Bound (DFBB), has the
advantage of being not very greedy in memory.

o Breadth search, where the selected node is the node of maximum evaluation. We call this method Best-First Branch and Bound (BFBB).
This alternative presents the disadvantage to consume more memory than the DFBB, but, in general, makes it possible to improve the
initial solution rather quickly.

Also, with an aim of accelerating the B&B procedure, it is interesting to have a good initial solution. So, we use the solution found by the
construction heuristic as the initial solution.
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In addition, the component on which the separation is carried out is, as in the construction heuristic, the component that presents the
best ratio reliability of the system after action minus the reliability of the system before action, the whole divided by the time of the action.
In this way, we hope to quickly improve the current solution and to eliminate a great number of solutions subsets.

4.3. Tabu search

The tabu search [13], metaheuristic based on the evolution of only one solution, was adapted to the selective maintenance problem,
with an aim of improving the solution obtained by the construction heuristic, while maintaining a reasonable resolution time.
We present here the main adaptations necessary to the resolution of the selective maintenance problem:

4.3.1. Solution coding

A solution is coded with an array of size 2 - n representing the maintenance actions carried out on the n components. The n first boxes,
subscripted of 0 to n — 1, correspond to the actions W and the n following, subscripted of n to 2n — 1, to the actions V. Fig. 4 represents a
solution for n = 6 components. We carry out the action W on components 2 and 4, and the action V on components 1, 3 and 5.

4.3.2. Starting solution definition
The initial solution of the algorithm is the solution generated by the construction heuristic.

4.3.3. Neighborhood definition

From the current solution X we randomly draw an index z ranging between 0 and 2n — 1. If 0 < z < n — 1 then an action W on the com-
ponent z is undertaken. If n <z < 2n —1 then an action V on the component z — n is realized. The neighbor X' is obtained by doing or
removing the action corresponding to the index z of the array of X, while being attentive to not carry out an action W on a component
in a functioning state, nor carrying out an action V and an action W on the same component. In this last case, the neighbor is generated
by permutation of the actions V and W.

Once the neighbor X' is generated, it should also be checked that the total duration of the maintenance actions performed by the neigh-
bor solution does not exceed the maintenance break of length Tj.

4.3.4. Evaluation function
The evaluation of a solution is given by the system reliability obtained with the different maintenance actions considered in the
solution.

4.3.5. Management of the tabu list
The movement is characterized by the index of the modified action(s). We then forbid during m (tabu tenure) iterations the choice of
this(these) action(s) for the generation of a new neighbor.

4.3.6. Aspiration criterion
A traditional aspiration criterion is also used: if a solution is tabu but is better than the best solution found by the algorithm, the solution
is accepted.

5. Numerical results
5.1. Data sets

We apply the construction heuristic, the tabu search and the two versions of the B&B to systems of different sizes and configurations.
We also implement for benchmarking purposes an exact method proceeding by a simple enumeration of all the acceptable solutions
(which is the method used by Cassady et al. [6]).

The elementary system, noted E, which was used as a basis for the creation of the data sets, is given in Fig. 5. It is composed of four
elements, in series and parallel.

Table 2

Symbols and configuration of the systems generated

System Configuration

4, E,

8 E E

8+ E+E

12 E (E+E)

124 E+(E E),

16 E (E+(E E))

16+ E+(E (E+E))

20 E (E+(E (E+E)

20+ E+(E (E+(E E))

24 E (E+(E (E+(E E))
24+ E+(E (E+(E (E+E)

28 E (E+(E (E+(E (E£E)))
28+ E+(E (E+(E (E+(E E)))))
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Table 3
Results of the exact methods of resolution of the selective maintenance problem
Systems To(k)(h) Optimal reliability Time of the exact methods (second)

DFBB BFBB Enumeration
4, 6 0.874 0 0 0
8 12 0.784 0.01 0 0.02
8+, 12 0.987 0.01 0 0.02
12 18 0.918 0.05 0.05 0.83
12+ 18 0.983 0.07 0.04 0.78
16 24 0.925 1.51 0.88 37.92
167 24 0.994 0.56 0.49 37.62
20 30 0.949 29.81 125.65 1893.09
20+ 30 0.995 18.22 68.47 1727.90
24 36 0.954 423.59 - 57360
24+ 36 0.997 237.48 - 55920
28 42 0.957 7765.17 - -
28+ 42 0.998 3483.51 - -

The components characteristics of this system are given in Table 1. We can notice that two of the four components are failed at the end
of mission k. The failure of these components involves the failure of the system, since the component 6 in series is failed.

The problem thus consists in finding the maintenance actions to be undertaken during the maintenance break so as to maximize the
system reliability for the next mission.

To generate more complex systems, we take again the elementary system, which is multiplied by arranging it in series and/or parallel.
The serialization is represented by the symbol , and the parallelization by the symbol +. For example, the system (E + E) E (see Fig. 6) is
composed of two elementary systems put in parallel, the whole put in series with another elementary system. So, this system is composed
of 12 components, including 6 failed components. We have on the whole generated 13 systems of dimension going from n =4 to n = 28.
The symbols used for the representation of these systems (which also indicates the number of components of the systems) as their con-
figuration are given in Table 2.

The duration of the next mission L(k + 1) is fixed at 40 days for all the systems considered. The maintenance break Ty(k) increases
according to the complexity of the system (the more there are failed components, the more we attribute a maintenance break of high
duration).

5.2. Results of the exact methods
The results of the application of the exact methods (Depth First Branch & Bound, Best First Branch & Bound and the enumeration) for the

various systems generated starting from the elementary system are given in Table 3. They were obtained on a 2.4 GHz Pentium IV having
480Mo of memory.

Table 4
Results of the heuristics of resolution of the selective maintenance problem
Systems Construction heuristic Tabu search
Reliability Gap (%) Time (second) Reliability Gap (%) Time (second)
20" 0.924 2.63 0 0.949 0 0.581
20+ 0.961 3.42 0.01 0.994 0.10 0.581
24 0.924 3.14 0.01 0.953 0.10 0.821
24+ 0.961 3.61 0.01 0.995 0.20 0.841
28 0.924 3.45 0.01 0.955 0.21 1.102
28+ 0.961 3.71 0.02 0.998 0 1.122
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Fig. 7. Comparison between the DFBB and the tabu search for the system noted 28* and for various duration of the maintenance break T,.
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Fig. 8. Comparison between the DFBB and the construction heuristic for the system noted 28 and for various duration of the maintenance break T,.

We remark that the BFBB version is faster than the DFBB, for systems of size lower or equal to n = 16. On the other hand, this difference
in the execution time is not very significant. Beyond n = 20, the DFBB becomes faster than the BFBB, what can be explained by the great
memory place requested by the BFBB, which is necessary to the memorization of all the nodes of the structure tree that are being explored.
From n = 24, the memory place requested by the BFBB is such as the method is not more applicable.

The complete enumeration of the acceptable solutions quickly becomes not exploitable for systems of dimension greater than n = 16.
Indeed, for n = 20, the execution time is of approximately 30 minutes, and for n = 24 this time becomes equal to approximately 15 h. We
also notice that the resolution time of the DFBB starting from 20 components does not become negligible any more and that it can be inter-
esting to apply heuristics if the system includes at least 20 components.

5.3. Results of the heuristics

We compare in this section the performances of the construction heuristic and the tabu search and we evaluate the gap between the
reliabilities obtained by these methods and the optimal reliability. The number of iterations of the tabu search has been fixed at 1000 given
that no more significant improvements have been noted beyond this number. The size of the tabu list is fixed at 7, and the neighborhood is
completely explored, which makes the tabu search deterministic. Thus, only one execution of the tabu search is realized.

The results of the construction heuristic and the tabu search are given in Table 4, for the systems having at least 20 components, since it
has been shown that starting from this size, it is preferable to apply heuristics rather than an exact method.

We note that the results of the construction heuristic are relatively good, since the maximum gap compared to the optimal solution is
3.71%. The execution time of the heuristic is moreover very low, which makes it possible to instantaneously obtain the solution. The tabu
search makes it possible to improve the results of the heuristic and to be very close to the optimal solutions. The maximum gap is indeed
0.21% and the execution time is of about one second.

We also represent in Fig. 7 the evolution of the reliability obtained by the tabu seafch compared to the reliability obtained by the DFBB
according to the duration T, of the maintenance break. We used the system noted 28 . We remark that whatever the duration Ty, the reli-
ability of the tabu search is practically equal to the reliability obtained by the exact method. In Fig. 8, we represent the evolution of the
reliability obtained by the construction heuristic compared to the reliability obtained by the DFBB. We note that the results of the heuristic
are also very close to the optimal reliability (except for the maintenance break T = 4 where the construction heuristic obtains a reliability
equal to 0 whereas optimal reliability is equal to 0.42).

6. Conclusion

We proposed in this paper new resolution methods for the selective maintenance problem, extended to general architecture systems in
series and/or parallel. We highlighted that the construction heuristic gives good results, and moreover very quickly. The exact methods that
have been developed, based on a branch and bound procedure, make it possible to considerably reduce the execution time of a complete
enumeration of Cassady et al. [6]. The computational time of the exact methods based on the branch and bound becomes, however, impor-
tant starting from n = 20, and we showed that the use of metaheuristics, such as the tabu search, made it possible to significantly improve
the results of the construction heuristic and to reach results very close to the optimal solutions in a time remaining completely acceptable.

These resolution methods could be at the base of a new strategy of maintenance of multicomponent systems. This strategy would take
the duration T, of the maintenance break and the period T at which the system is stopped as parameters. It would thus prove necessary to
determine the optimal duration Ty (if Ty is too short, few maintenance actions could have been undertaken and the system will present few
chances to achieve the next mission and if Ty is too high, the unavailability of the system will increase) and the optimal period T (if this
period is too long, the system is likely to fail). For this, a model of simulation should be developed (reproducing the dynamic of the system
during the missions), as well as optimization methods for continuous problems (to determine the continuous parameters T and T,). The
methods developed in this paper would intervene at the time of the maintenance break, for the determination of the maintenance actions
to be undertaken. Other actions, such as imperfect replacements, could also be integrated.

A criterion that has not been considered in this study, but that could be added, is the cost of the maintenance actions. It could be inte-
grated as a constraint in the selective maintenance problem (we dispose of a budget for the achievement of the maintenance actions) or
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like a new criterion, in more of the reliability. This problem has already been tackled by Lust and Teghem [14]: a multicriteria combina-
torial optimization problem is obtained, because it is necessary to maximize reliability and to minimize the cost (two contradictory crite-
ria) at the same time. That would imply the intervention of the decision maker, since it will have to choose the solution corresponding best
to his preferences.
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