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Abstract. In this paper, we address the problem of comparing the
performances of two popular aggregation operators, the weighted sum
and the Choquet integral, for selecting the best alternative among a set
of alternatives, all evaluated according to different criteria. While the
weighted sum is simple to use and very popular, the Choquet integral is
still hard to use in practice but leads theoretically to better results in
terms of concordance with the preferences of a decision maker. However,
given the efforts needed to set the parameters of the Choquet integral,
it is important to measure, for a given decision problem, if it is really
worth defining the Choquet integral or if a simple weighted sum could
have been used to determine the best alternative. We will compute the
probability that a recommendation to a decision maker could only been
obtained with the Choquet integral and not with a weighted sum. When
the number of criteria increases, the results show that this probability
tends to one. However, a high value of probability can only be attained
for particular data sets.

Keywords: Choquet integral, weighted sum, multicriteria decision mak-
ing, multiobjective optimization

1 Introduction

When a decision maker is confronted to a set of alternatives presenting each one
meaningful advantages and disadvantages, the temptation to use a weighted sum
to select the best alternative is high. However, it is well-known that this easy
to use and simple aggregation method presents the disadvantage that, in some
cases, alternatives cannot be elicited even if they correspond to the preferences
of the decision maker.

For example, if we consider a set of four alternatives {y1, . . . , y4} where each
alternative yi is evaluated with three criteria to maximize: y1 = (18, 10, 10),
y2 = (10, 18, 10), y3 = (10, 10, 18) and y4 = (14, 12, 11), the alternative y4 could
never be selected with a weighted sum (it is impossible to have at the same time
14λ1+12λ2+11λ3 ≥ 18λ1+10λ2+10λ3, 14λ1+12λ2+11λ3 ≥ 10λ1+18λ2+10λ3
and 14λ1 + 12λ2 + 11λ3 ≥ 10λ1 + 10λ2 + 18λ3, with λ1, λ2, λ3 ≥ 0 and λ 6= 0).
However, the alternative y4 is the most balanced alternative among the different
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criteria and is a good candidate for a decision maker who prefers well-balanced
alternatives.

Other models could be used to handle this problem [1, 2] like outranking
methods (ranking of the alternatives based on pairwise comparisons) [3], additive
value function models [4] or more evolved aggregation functions like the weighted
minimum, weighted maximum, ordered weighted average operators (OWA) [5],
weighted ordered weighted averaging operator (WOWA) [6], Choquet integral [7],
etc.

In this paper, we will focus on the Choquet integral.

The Choquet integral is a powerful tool in multicriteria decision making and
decision under uncertainty [8–10]. A Choquet integral can be seen as an integral
on a non-additive measure (or capacity or fuzzy measure). It presents extremely
wide expressive capabilities and can model many specific aggregation operators,
including, but not limited to, the weighted sum, the minimum, the maximum,
all the statistic quantiles, OWA, WOWA, etc. The Choquet integral can also be
used in the additive value function model instead of the weighted sum [11]. In
this case, the performance vector is replaced by marginal utility values.

However, this high expressiveness capability has a price: while the definition
of a simple weighted sum operator with m criteria requires m − 1 parameters,
the definition of the Choquet integral with m criteria requires setting of 2m − 2
values, which can be a problem even for low values of m.

Given the effort needed to set the parameters of the Choquet integral com-
paring to the weighted sum, we will measure in this paper the interest of using
the Choquet integral instead of the weighted sum. More precisely, for differ-
ent alternatives evaluated with m criteria, we will evaluate the probability that
an alternative that optimizes a defined Choquet integral could not be obtained
with a simple weighted sum. This is particularly important in the general context
where the alternatives to compare are not explicitly given but are obtained from
a multiobjective optimization problem. In different works [12–16], the authors
define a Choquet integral and then search for an optimal solution according to
the defined Choquet integral. Two difficulties are thus introduced: the elicita-
tion of the Choquet integral and the optimization of the Choquet integral for
the particular multiobjective problem studied. Given this complexity, it is worth
studying the real strength of the Choquet integral and to see, if a simpler method
(the weighted sum) could have been used to obtain the same optimal solution.

To our knowledge, only one group of authors have performed experiments
to assess the powerfulness of the Choquet integral. In [17], Meyer and Pirlot
compare the ability of related models to represent rankings of alternatives. They
compare different aggregators, including the weighted sum, the Choquet integral
and additive value functions. To do so, they randomly generate alternatives
and define a ranking of the alternatives. Then they check if the models can
represent the ranking. They show that the Choquet integral model can represent
significantly more orders than the weighted sum and that the difference becomes
quite large when the number of criteria is high. If their work can appear similar
to our work, there are two important differences:
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– They consider rankings of alternatives while we only check the ability of an
aggregator to reach one optimal alternative.

– Given a set alternatives we will not pick up randomly a best alternative, as
they do, but we will generate randomly a Choquet integral (with a uniform
law), and check if the alternative optimizing the Choquet integral could not
have been obtained with a weighted sum too. Therefore, a probability will be
defined, according to the set of possible Choquet integrals, and not according
to the set of possible alternatives. That gives a more general way to measure
the strength of the Choquet integral since results defined independently from
the set of alternatives considered could be given.

The paper is organized as follows: we first introduce the main notions of
this paper: the multicriteria context and the two aggregation operators used
(weighted sum and Choquet integral). In Sections 3 and 4, we present the main
contributions of the paper: we expose how we have compared the weighted sum
and the Choquet integral operators: the comparison is based on the probability
to reach an alternative optimal for a Choquet integral but not for a weighted sum.
In the results section (Section 5), lower and upper bounds are computed, accord-
ing to the number of criteria considered, and independently from the problem
studied. We will see that this probability tends to one according to the number
of criteria considered. We expose then some experimental results on randomly
generated data sets. We will see that some conditions have to be respected to
attain high probability values.

2 Definitions

We consider a general model with a set Y of n alternatives {y1, . . . , yn} evalu-
ated with a set M of m criteria {1, . . . ,m}. The performance vector associated
to an alternative yi is denoted (yi1, . . . , y

i
m). We will consider w.l.o.g that the

performance values are in the [0, 1] interval and that the criteria have to be
maximized.

The representation of an alternative in the criteria space is called a point and
these two notions will be considered as equivalent in the rest of the paper.

We first recall the notion of Pareto dominance.

Definition 1. The Pareto dominance relation (P -dominance for short) is de-
fined, for all y1, y2 ∈ Rm, by:

y1 �P y2 ⇐⇒ [∀k ∈M, y1k ≥ y2k and y1 6= y2]

We will only work with sets Y of Pareto non-dominated alternatives, that is
∀y1 ∈ Y, @ y2 ∈ Y | y2 �P y1.

2.1 Weighted sum

The most popular aggregation operator is the weighted sum (WS), where positive
importance weights λi(i = 1, . . . ,m) are allocated to the criteria.
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Definition 2. Given a vector y ∈ Rm and a weight set λ ∈ Rm (with λi > 0
and

∑m
i=1 λi = 1), the WS fwsλ (y) of y is equal to:

fwsλ (y) =

m∑
i=1

λiyi

In a set of Y of Pareto non-dominated alternatives, the alternatives that
optimize a WS are called WS-optimal alternatives or supported Pareto-optimal
alternatives [18] (SP alternatives). Note that there could exist alternatives that
do not optimize a WS, and they are generally called non-supported Pareto-
optimal alternatives (N-SP alternatives).

2.2 Choquet integral

The Choquet integral has been introduced by Choquet [7] in 1953 and has been
intensively studied, especially in the field of multicriteria decision analysis, by
several authors (see [9, 10, 19] for a brief review). Lately, the Choquet integral
has also been used in the AI field, for classification problems [20, 21], constraint
programming [22] or state space search [23].

We first define the notion of capacity, on which the Choquet integral is based.

Definition 3. A capacity is a set function v: 2M → [0, 1] such that:

– v(∅) = 0, v(M) = 1 (boundary conditions)
– ∀A,B ∈ 2M such that A ⊆ B, v(A) ≤ v(B) (monotonicity conditions)

Therefore, for each subset of criteria A ⊆M, v(A) represents the importance
of the subset A.

Definition 4. A capacity is said additive if for each subset A,B ⊆ M, v(A ∪
B) = v(A) + v(B).

Definition 5. The Choquet integral of a vector y ∈ Rm with respect to a capacity
v is defined by:

fCv (y) =
m∑
i=1

(
v(Y ↑i )− v(Y ↑i+1)

)
y↑i

=

m∑
i=1

(y↑i − y
↑
i−1)v(Y ↑i )

where y↑ = (y↑1 , . . . , y
↑
m) is a permutation of the components of y such that

0 = y↑0 ≤ y
↑
1 ≤ . . . ≤ y↑m and Y ↑i = {j ∈M, yj ≥ y↑i } = {i↑, (i+ 1)↑, . . . ,m↑} for

i ≤ m and Y ↑(m+1) = ∅.

The Choquet integral is a versatile aggregation operator, as it can express
preferences to a wider set of solutions than a weighted sum, through the use
of a non-additive capacity. For example, the Choquet integral can attain N-SP
alternatives, while it is impossible with the weighted sum [24].
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Example 1. Let us consider the four alternatives exposed in the introduction
and the following capacity: v({1}) = v({2}) = v({3}) = 0.2 and v({1, 2}) =
v({1, 3}) = v({2, 3}) = 0.4. We obtain fCv (y1) = 10+(10−10)∗v({1, 2})+(18−
10)∗v({1}) = 11.6, fCv (y2) = 10+(10−10)∗v({2, 3})+(18−10)∗v({2}) = 11.6,
fCv (y3) = 10 + (10 − 10) ∗ v({1, 3}) + (18 − 10) ∗ v({3}) = 11.6, fCv (y4) =
11 + (12− 11) ∗ v({1, 2}) + (14− 12) ∗ v({1}) = 11.8. For this capacity, y4 is thus
the best alternative.

In this example, we see that the alternative y4 can optimize a Choquet inte-
gral, but cannot optimize a WS. An alternative presenting this property will be
called an exclusive Choquet optimal (C-optimal) alternative.

In the following, we will define more precisely the notion of exclusive C-
optimal alternative.

3 Exclusive C-optimal alternatives

We first define the notion of WS-optimal set.

Definition 6. Given a set Y of alternatives, the WS-optimal set, called Yws,
is the set containing an optimal alternative, for each possible WS, that is ∀λ ∈
L,∃ yj ∈ Yws | fwsλ (yj) ≥ fwsλ (yi) ∀yi ∈ Y, where L represents the set of possible
weights defined over m criteria.

Similarly, we can define the notion of Choquet-optimal set (C-optimal set).

Definition 7. Given a set Y of alternatives, the C-optimal set, called YC , is the
set containing an optimal alternative, for each possible Choquet integral, that is
∀v ∈ V,∃ yj ∈ YC | fCv (yj) ≥ fCv (yi) ∀yi ∈ Y, where V represents the set of
possible capacities defined over m criteria.

The C-optimal set contains thus all potential C-optimal alternatives. A char-
acterization of the C-optimal set has been proposed in [25]. We briefly recall it
here.

Let σ be a permutation on M. Let Oσ be the subset of alternatives y ∈ Rm
such that y ∈ Oσ ⇐⇒ yσ1

≥ yσ2
≥ . . . ≥ yσm .

Let aOσ be the following application:

aOσ : Rm → Rm, (aOσ (y))σi = (min(yσ1
, . . . , yσi)),∀i ∈M

For example, if m = 3, for the permutation (2,3,1), we have:

aOσ (y) =
(

min(y2, y3, y1),min(y2),min(y2, y3)
)

We denote by AOσ (Y) the set containing the alternatives obtained by ap-
plying the application aOσ (y) to all the alternatives y ∈ Y. As (aOσ (y))σ1

≥
(aOσ (y))σ2

≥ . . . ≥ (aOσ (y))σm , we have AOσ (Y) ⊆ Oσ.
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In the following, we will denote Oσ as simply O for the sake of simplicity,
and we will consider, w.l.o.g., that the permutation σ is equal to (1, 2, . . . ,m),
that is y ∈ O ⇔ y1 ≥ y2 ≥ · · · ≥ ym.

In [25], Lust and Rolland show the following results in order to characterize
the C-optimal set YC of a set Y:

Theorem 1.
YC ∩ Oσ = Y ∩ Yws(AOσ (Y))

where Yws(AOσ (Y)) designs the set of WS-optimal alternatives of the setAOσ (Y).
This theorem characterizes the alternatives that can be C-optimal in a set Y

of points as being, in each subspace of the criteria space Y where yσ1
≥ yσ2

≥
. . . ≥ yσm , the WS-optimal points in AOσ (Y).

Proof: see [25].

Property 1. Yws ⊆ YC

Proof. If the capacity v is additive, the Choquet integral of a vector y ∈ Rm
is equal to

∑m
i=1

(
v(Y ↑i ) − v(Y ↑i+1)

)
y↑i =

∑m
i=1 v({i})yi. Therefore, the WS is a

particular Choquet integral for which the capacity is additive. All WS-optimal
alternatives are thus also C-optimal alternatives.

Example 2. For the four alternatives of the introduction, we have Yws = {y1, y2, y3}
and YC = {y1, y2, y3, y4}.

Definition 8. Given a set Y of alternatives, the exclusive C-optimal set YeC is
equal to {YC \ Yws}.

The set YeC is thus composed of the alternatives that optimize a Choquet
integral, without optimizing a WS.

Definition 9. Given a set Y of alternatives, let us consider the exclusive C-
optimal set YeC . For all alternatives yi ∈ YeC , let Vi the set of capacities for
which the alternative yi ∈ YeC is C-optimal in Y. Let Ve =

⋃
Vi the union of

these sets. The set Ve is called the exclusive capacity set. All exclusive C-optimal
alternatives are optimal for capacities v ∈ Ve (it does not exist an exclusive
C-optimal alternative for a capacity v /∈ Ve).

We can now define the probability p to get an exclusive C-optimal alternative
when a Choquet integral is randomly generated (that is a capacity v is randomly
generated, with a uniform law).

Definition 10. Let v ∈ V a capacity randomly generated with a uniform law.
Let F (v) = 1 if v ∈ Ve and 0 otherwise and y the best alternative for the Choquet
integral fCv . The probability pe that y is exclusive C-optimal is equal to:

pe =

∫
V
F (v)dv



Choquet integral versus weighted sum in multicriteria decision contexts 7

Example 3. Let m = 2 and Y = {(1, 0), (0, 1), (0.2, 0.7)}. The point (0.2, 0.7)
cannot be WS-optimal as (0.2 + 0.7 < 1). But it can be C-optimal if the capac-
ity v respects the following conditions1: 0.2 + 0.5v2 ≥ v2 and 0.2 + 0.5v2 ≥ v1,
that is v such that v1 ≤ 0.2 + 0.5v2 and v2 ≤ 0.4. Therefore we have Yws =
{(1, 0), (0, 1)},YC = Y and YeC = {(0.2, 0.7)}. If we generate randomly a ca-
pacity v, the probability pe to get the point (0.2, 0.7) optimal for the defined

Choquet integral is thus equal to
∫ 0.4

0

∫ 0.2+0.5v2
0

1dv1 dv2 = 0.12. We see also
through this example that the probability takes a different value compared to
the probability to get an exclusive C-optimal alternative if the alternative is
randomly selected (which is equal to 1/3) , as done in the work of Meyer and
Pirlot [17].

4 Maximal proportion of exclusive C-optimal alternatives

The value of the probability pe is problem-dependent, but bounds, according to
the number of criteria (and independent from the problem studied), can however
be generated. The minimal value of pe is zero, whatever the number the criteria,
since it is always possible to generate sets composed of only WS-optimal alter-
natives. The maximal value of pe is more difficult to compute, but also more
interesting: given a problem with m criteria, what is the maximal value of pe,
that is the maximal chance to reach an exclusive C-optimal alternative with a
Choquet integral?

In the following, we will construct artificial sets of alternatives, in order to
estimate the maximal value of pe. The WS-optimal set of the artificial sets will
always have the same form and composed of only m points, in order to favor
the Choquet integral. We will use m Ij points (j ∈ M), such that Iji = 1 if
i = j and 0 otherwise (i ∈ M). Such a WS-optimal set will be called YIws. For
example, for m = 3, YIws = {(1, 0, 0), (0, 1, 0), (0, 0, 1)}.

We first introduce some new definitions.

Definition 11. Let Y a set of alternatives. Let us consider two additional al-
ternatives y1 and y2 and V1 and V2 the set of capacities for which y1 and y2 are
C-optimal in Y. We say that y1 covers y2 if V2 ⊆ V1.

Definition 12. Let Y a set of alternatives with Yws = YIws, YeC the exclusive
C-optimal set and Ve the exclusive capacity set. The set Ve is called a maximal
exclusive capacity set (denoted V∗e ) if any other possible exclusive C-optimal
alternatives (not necessarily in Y) are covered by an alternative of YeC . The set
YeC associated with V∗e is called a maximal cover set and is denoted Y∗eC .

For a problem with m criteria, if we can generate V∗e , we can then compute
the maximal value of pe as follows:

1 In the following, a capacity associated to a set will be simply written ve1,...,en where
e1, . . . , en denotes the elements belonging to the set.



8 Paper 66

Definition 13. Let v ∈ V a capacity randomly generated with a uniform law.
Let G(v) = 1 if v ∈ V∗e and 0 otherwise and y the best alternative for the Choquet
integral fCv . The maximal probability p∗e that y is exclusive C-optimal is equal
to:

p∗e =

∫
V
G(v)dv

For a problem with m criteria, we have thus to generate V∗e to obtain p∗e.
We will start our study with alternatives evaluated with only two criteria

and determine, in this case, the maximal value that pe can take. We will then
generalize for any number of criteria.

4.1 Two-criteria problems

We will try to generate Y∗eC and V∗e , in order to express p∗e. We have thus to
generate a set Y of alternatives such that any other possible exclusive C-optimal
alternatives will be covered by an alternative of Y∗eC . We first detail the results
obtained with the simple case where m = 2.

Property 2. Letm = 2 and Y a set of alternatives with Yws = YIws = {(1, 0), (0, 1)}.
The maximal exclusive capacity set Ve is equal to {(v1, v2) | v1 < 1

2 and v2 <
1
2}

and the maximal cover set Y∗eC is equal to ' ( 1
2 ,

1
2 ), where the notation ' ( 1

2 ,
1
2 )

means that we have a point close to ( 1
2 ,

1
2 ) (but the sum of its component is less

than 1).

Proof. With two criteria, we have V = {v1, v2} with v1 ∈ [0, 1] and v2 ∈ [0, 1].
We need at least three points to have one exclusive C-optimal alternative. Let
us consider the two points of YIws ((1, 0) and (0, 1)) and the point (a, b) such
that a ≥ b and a + b < 1. We have fCv (1, 0) = v1, fCv (0, 1) = v2 and fCv (a, b) =
b + (a − b)v1. To have (a, b) C-optimal we need to have b + (a − b)v1 ≥ v1 and
b+ (a− b)v1 ≥ v2, that is v1 ≤ b

1−a+b and v2 ≤ b+ (a− b)v1.

To maximize fCv (a, b), a+ b→ 1, and thus b→ 1− a. We obtain:{
v1 <

1−a
1−a+1−a = 1

2

v2 < (1− a) + (2a− 1)v1

Let {
G(v) = 1 if v1 <

1
2 and v2 < (1− a) + (2a− 1)v1

= 0 otherwise.

We get:∫
V
G(v)dv =

∫ 1
2

0

∫ (1−a)+(2a−1)v1

0

1 dv2 dv1 =
3

8
− 1

4
a

As a ∈ [ 12 , 1], the maximal value is obtained when a = 1
2 and b→ 1

2 .
We see that it is enough to consider only one additional point (a, b)→ ( 1

2 ,
1
2 ).

Indeed, if we consider another points, we will still have v1 <
1
2 and v2 < (1 −

a) + (2a − 1)v1 that is v2 <
1
2 when v1 → 1

2 . Therefore the maximal value of∫
V G(v)dv will still be bounded by 1

4 ( 1
2 ∗

1
2 ); the value of p∗e is thus equal to 1

4 .

Consequently, for two-criteria sets, V∗e = {(v1, v2) | v1 < 1
2 and v2 < 1

2},
Y∗eC = {' ( 1

2 ,
1
2 )} and p∗e = 1

4 .
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4.2 m-criteria problems

For three criteria, we have followed the same reasoning as for two-criteria prob-
lems, by adding points (a, b, c) such that a+ b+ c < 1, in an initial set composed
of the three points of YIws ((1, 0, 0), (0, 1, 0) and (0, 0, 1)). We have obtained
V∗e = {(v1, v2, v3, v12, v13, v23) | (v1 < 1

3 , v2 < 1
3 , v3 < 1

3 ) or (v1 < 1
2v12, v2 <

1
2v12, v3 < 1

2v12) or (v1 < 1
2v13, v2 < 1

2v13, v3 < 1
2v13) or (v1 < 1

2v23, v2 <
1
2v23, v3 <

1
2v23)}, Y∗eC = {' ( 1

3 ,
1
3 ,

1
3 ),' ( 1

2 ,
1
2 , 0),' ( 1

2 , 0,
1
2 ),' (0, 12 ,

1
2 )}.

By solving analytically different sextuples integrals defined on V∗e , we have
computed p∗e and obtained a value equal to 20323

66 = 0.4356.
Generally, for m criteria, we have the following property:

Property 3. Let Y a set of alternatives with Yws = YIws. The maximal cover
set Y∗eC for a number m of criteria is composed of the following points: '
( 1
m ,

1
m , . . . ,

1
m ), all permutations of ' (0, 1

m−1 ,
1

m−1 , . . . ,
1

m−1 ), all permutations

of ' (0, 0, 1
m−2 ,

1
m−2 , . . . ,

1
m−2 ), . . ., and all permutations of ' (0, . . . , 0, 12 ,

1
2 ).

Proof. We have to show that any additional exclusive C-optimal point in [0, 1]m

will be covered by a point of Y∗eC . In Property 3, we have that Y is com-
posed of YIws and Y∗eC . Let us consider an additional alternative z in O, that
is z1 ≥ z2 ≥ · · · ≥ zm. As Yws is composed of the Ij points, to be an ex-
clusive C-optimal point, z has to fulfill the following constraint:

∑m
i=1 zi <

1 (otherwise that point would be a WS-optimal point). Moreover, to be C-
optimal, z has to be WS-optimal in AO(Y), where AO(Y) is obtained by ap-
plying the application (aO(y))i = (min(y1, . . . , yi)),∀i ∈ M, to all y ∈ Y (see
Theorem 1). AO(Y) is thus equal to {' ( 1

m ,
1
m , . . . ,

1
m ),' ( 1

m−1 , . . . ,
1

m−1 , 0),'
( 1
m−2 , . . . ,

1
m−2 , 0, 0), . . . ,' ( 1

2 ,
1
2 , 0, . . . , 0), (1, 0, . . . , 0)} (the point (0, . . . , 0) be-

longs also to this set but it can be removed since this point is P -dominated
in AO(Y)). We can remark that the vertices of the polyhedron defined by the
constraint inequalities (z1 ≥ z2 ≥ · · · ≥ zm) and (

∑m
i=1 zi ≤ 1) are the points

{( 1
m ,

1
m , . . . ,

1
m ), ( 1

m−1 , . . . ,
1

m−1 , 0), ( 1
m−2 , . . . ,

1
m−2 , 0, 0) , . . . , ( 1

2 ,
1
2 , 0, . . . , 0),

(1, 0, . . . , 0)}. Therefore, if the points of AO(Y) are sufficiently close to the ver-
tices of the polyhedron, it will not possible to find a point z in AO(Y) which
is WS-optimal [26]. Any additional points that do not optimize a WS will not
be C-optimal and thus covered by a point of Y∗eC . Therefore Y∗eC is a maximal
cover set.

5 Results

5.1 Computation of p∗
e(m)

In this section, we estimate the probability p∗e that some alternative might be ex-
clusively Choquet-optimal, as the number of criteria varies. That is, we estimate
p∗e(m) for varying m. We have already analytically determined this probability
for the cases of 2 and 3 criteria (p∗e(2) = 0.25 and p∗e(3) = 0.4356); but for
larger number of criteria we turn to numerical estimation, because analytically
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solving the integrals is exponential in the number of criteria. To do so, roughly
speaking, we randomly generate candidate Choquet integrals with a uniform dis-
tribution, and count the number of times that some alternative of the maximal
cover set Y∗eC (see Property 3) is superior to some alternative of the initial set of
alternatives (YIws). Dividing that by the number of samples gives our numerical
estimate.

However, because of the monotonicity constraints, it is not trivial to generate
randomly (with a uniform distribution) capacities. One way to deal with this
problem is to generate (2m − 2) random values between 0 and 1, and to check
if the values respect the monotonicity constraints of a capacity. If it works for
three or four criteria, it is quickly unusable since the monotonicity constraints
become harder to satisfy when the number of criteria increases.

Recently, Combarro et al. [27] have proposed a way to generate randomly
capacities. They established that the random generation of capacities involves
the generation of random linear extensions of capacities (that is linear exten-
sions of the monotonocity constraints). Once a linear extension is generated, it
is enough to compute a point that respects the linear extension, which can be
easily done (see [28]). A method to generate linear extensions in a random way
appears in [29]. However, this procedure implies the generation of graphs (lat-
tice of ideals) whose the number of vertices increases according to the sequence
of numbers defined by Dedekind [30]. This procedure can only be applied to
generate capacities until m = 5 [27].

So, for greater number of criteria (m > 5), we exploit a heuristic method. We
have used the Markov chain Monte Carlo (MCMC) method introduced in [31].
The method works with iterative modifications of a starting admissible linear
extension. It has been shown that this procedure evolves in limit to a uniform
linear extension [32], no matter the initial linear extension.

The results obtained are shown in Figure 1. We vary the number of criteria
m from 2 to 8. For m ≥ 4 we have used random generations, with 1000000 trials.

We see that if p∗e(m) was quite low for m = 2 and m = 3, the value of p∗e(m)
increases rapidly with m. We have p∗e(4) = 0.659, p∗e(5) = 0.868, p∗e(6) = 0.977,
p∗e(7) = 0.997 and for p = 8, we are really close to 1 (p∗e(8) = 0.999).

These results testify of the strength of the Choquet integral and its ability to
attain alternatives that are not possible to reach with the WS, especially when
the number of criteria increases.

However these results have been obtained for the “best possible data set” for
the Choquet integral, composed of well-located exclusive C-optimal points and
presenting few WS-optimal points (the m points Ij).

We study in the next section how the probability pe to get exclusive Choquet
optimal solutions evolves when the number of WS-optimal points increases.

5.2 Influence of the number of WS-optimal points

We will now increase the number of WS-optimal points (or supported points)
and see how pe evolves. We have generated sets of alternatives composed of
nSP supported points and nNSP non-supported points. We first generate YIws
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Fig. 1: Evolution of p∗e according to the number of criteria.

(all the m points of YIws are supported). We add (nSP − m) points by gener-
ating randomly different points y in [0, 1]m. We add the following constraint:∑m
i=1 y

2
i < 1 (otherwise all the points will be closed to the point (1,. . . ,1)). We

check with linear programming that the point optimizes a WS. If not, we try
another point, until nSP − m points have been generated. Then, we generate
nNSP non-supported points. A point will be added in the set if it does not opti-
mize a WS (also checked with linear programming) and if it is a non-dominated
point (and if the point dominates another non-supported points, these points
are removed from the set). The procedure is repeated until nNSP non-supported
points are produced. An example of a set obtained, for two criteria, and for
nSP = 22 and nNSP = 20 is represented in Figure 2.

The results for m = 2 to m = 6 are given in Figures 3, 4, 5, 6 and 7. We vary
the number of nSP points and for each value of nSP , we also vary the number of
nNSP points. For each combination (nSP ,nNSP ), 100 different sets are randomly
produced and we average the probability pe over these sets.

For m = 2 and m = 3, adding SP alternatives decreases pe, but if enough N-
SP alternatives are added (about 400), the decreasing remains reasonable (from
0.25 to 0.2 for m = 2 and from 0.42 to 0.3 for m = 3). Quite surprisingly, the
decreasing of pe is higher for m = 4, m = 5 and m = 6. Adding only few more
SP alternatives reduces pe of about 50%. The results are quite impressive for
m = 6: for 6 SP alternatives and 400 N-SP alternatives, we have pe equal to
0.91. If we add only one SP alternatives, pe drops to 0.43.

This phenomenon can be explained by the fact that the Choquet integral is
attracted by particular points, that is the points that composed the set Y∗eC .
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When the number of criteria m increases, it could be more difficult to have
alternatives close to these points and the WS becomes a tougher opponent for
the Choquet integral.

Similar results, not reported here, have been obtained for other constraint
functions to produce sets of alternatives (

∑m
i=1 y

α
i < 1 with 1 ≤ α ≤ 4) and

for alternatives representing solutions of the multiobjective knapsack problem
or the multiobjective traveling salesman problem.

Therefore, the Choquet integral should be carefully used if the set of alter-
natives present supported alternatives, at least four criteria, and not too many
non-supported alternatives.

6 Conclusion

We have proposed in this work a comparison of two successful and popular aggre-
gation operators: the weighted sum and the Choquet integral. If it is clear than
the Choquet integral is more powerful than the weighted sum, given the hard
work that the elicitation of its parameters asks, it is still relevant to compare
both operators and to measure the probability that the best alternative deter-
mined with a Choquet integral could not been obtained with a simple weighted
sum. The results show that the maximal value that this probability can take is
close to one, when the number of criteria is higher than four. However, to reach
this high probability, particular data sets have been constructed, in favor of the
Choquet integral. When the number of WS-optimal alternatives increases in a
set, the probability decreases rapidly, and especially if the number of criteria
is higher than four. This work opens many new perspectives: different opera-
tors could be compared using this framework, like WOWA and the Choquet
integral, for example. Also, we could restrict the capacities of the Choquet in-
tegral to certain families (convex capacities, k-additive capacities, etc.) and to
examine which families of capacities enable to mainly reach exclusive C-optimal
alternatives. Finally, extending this study in a combinatorial space where the
alternatives are not explicitly given would be worth studying.
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